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SAT [B|EZRTE X

» SAT [a]f&% (Boolean satisfiability problem, #5/RA] i & £ 18] &H,
SAT):

» YATEF/R (Boolean) RixxX (1 AND, OR, NOT, T &, F0iF

EE), EBFEXTE TRUE 5 FALSE Ry{E, [FEE4)

FIEXE.
(x+y2)(x+y+2)(y+2)
» SAT (a8 (Propositional satisfiability problem, fyZiA] i & 9]
&, SAT):
> BEMBIZE N (propositional formula), 2EF#E (FHE
— M ER).

(_‘(Xl — _\XQ) — X3) — (Xl — (X2 — Xg))

EHRRERMGAEBEARNMAILENERAEECE



SAT [EEEAEY, (cont'd)
» SAT [g]&: §BER (conjunctive normal form, CNF) BT];
A E)E
» —MEBCEREM: GAGA--AC, FAG(1<i<n)
W VRV Vi, B, [ BRANTF, AR—HREERZ
HREEMIE.

(mar Va)A(—mapVazVay) A(arV-agVasV—ay)

» SAT BRI —REFEE—AXMERRE
£ TRUE 5 FALSE WR{E, FHRENSECERBEAE.
> k-SAT @ ZHEECER F HENFA C FAESHXF
BB k WFRA k-SAT @,
> 2-SAT jalZh: k = 2.
> 3-SAT [a]@: k= 3. {E{A k-CNF AKX ERATIAEE A 3-CNF,

3

("81 VaV Xl) A (_‘31 VaV _‘Xl) AN ("81 Vas V 34)/\
(31 V t=h) \Y XQ) A\ (33 V —ay V _|X2)

> SAT [a]@A 1960 SFHEFFI8 FETHAS .



v

v

v

v

SAT )R E—1IERA A NP-complete B8] Ei: FESERE
T2 (Cook’s theorem, Cook—Levin theorem),

3-SAT |a]&E NP-complete,

2-SAT BRI IAFE SR BT EIfER, & NL-complete (FEHHE
B R IE = BRI BT 2).

Horn-SAT [a]&@, 1~ FaIWMEZ Horn F4] (BN FRES
E—1MEXFE), £ P-complete,



SAT #HZ (Phase transition)

> IF— kSAT [, EF NYMEE § L4)F4A. g
mmL/N, I 100% W]i# 2, 3T 3 100% RAER .

» 287 L 0 N BEHLAER k-SAT B, i2h R(N, L), & N &
IEFESHE, RN, L) FTiERHISEERT N TR

0 for c> ¢k

Nll_r)noo Probisat, RN, - N)) = { 1 for c < ¢

ATLAERE o =1 H 3.003 < ¢3 < 4.81, SEIE KA 3 ~ 4.28,

SAT%
T

T
L N=50 —&—
8 N=100 --+
Lt N=200 -3~
i
gt
e [
&
& X
AR
& ﬂg&?
! xR
P B+ &
ke R
= 1 fl:i«%‘#—whﬁ e e
3 35 4 45 5 5.5 6

CLAUSE #/ VAR #



SAT #8Z% (Phase transition) (cont'd)

» fEE L/N BJEIC, SAT BIRE I “easy-hard-easy” BIHER .
— %y NP (el @ ERE KRB .

» F DPLL 3k3Kf# 3-SAT [al@, a7 L/N ~ 4.28 BfB1F
i3

T
N=350 ——

it NZLO -+
L rh N=200 - G- |
Doy
= “I ‘E] =
I \\
m \
L ‘ & il
‘ |
v
L 0 i
5y
L 5|
= r +4 =
+ + 4, B
+ +++++ETE‘*EE
Bty
el R
3 35 4 45 5 55 6



SAT [a] & 5 B

> ERZ NS, 8 SAT {E 4 iE)iEE & Ao Bk R HESR .
BI3EAE R AR B B4 A SAT [BIRRBHTR R, B REHERE
B [ o) FUE I 15 21 R 2] A AR .

> SAT [a &2 NP-complete #9, | NP &)@ A] LA 7£ & Tz RS

B ALY ZE] SAT ja@, SAT {EAFEIES R EBRIRIARE

h;

» SAT RUIEEFME X E R, i FIEN SAT BB HE.

> 3t SAT MR AMXEFEEMNIEILEX, MAE

» EDA (Electronic Design Automation): Combinational
Equivalence Checking., Automatic Test Pattern Generation,
THEHHEIZIT. TEVHEBSIE. EREEBZITEL.
WENSEEET. DRITENMZILITE

» Al (Artificial Intelligence): %, ZiIEF. BhEES,

» HREREM (Bounded Model Checking)

MEEEERNINA.
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An overview

EFEAWIEKME SAT BERNBUEE:
» Davis-Putnam-Logemann-Loveland (DPLL or DLL, 1962) &
ERETER .
> EFEWEREE,
> HHRKSH SAT solver FIEAH],
» ZEHCEARY ERTILS A “conflict-driven” #A “look-ahead” F£3K.
> ML EERE RE L (GSAT 1992, WalkSAT 1993),
> TFIEBAARTHEM, BREMMETRTIURIRIKEH BRI,
» TEETRHBERMRLEE.



Unit Clauses FA Pure Literals

> AZFE—XFHF AR unit clause
» Unit propagation: unit clauses {/}
1 every clause containing [ is removed,;
2 in every clause that contains —/ this literal is deleted.

> REAXPEHRAH G HIAWLFR pure literal
» Pure literal elimination: delete all clauses containing pure
literals.

i
Z[E CNF: (pV gV -s)ApA(qV—rV=sV-t)A(rVp) At
> p F0 —s B pure literals;

» F4] {p} 1 {t} & unit clauses,



DPLL &%

function DPLL(¢, p)
if ¢ is empty
then return TRUE;
if ¢ contains an empty clause
then return FALSE;
if /'is a unit clause in ¢
then return DPLL(assign(/, &), p A l);
if 'is a pure literal in ¢
then return DPLL(assign(/, ¢), u A I);
| := choose-literal(¢);
return DPLL(assign(/, ¢), w A l) or
DPLL(assign(—/, ¢), i A =l).



DPLL &&=

» ZXHEHE (RITTEM t/f)

» FE unit propagation FA pure literal elimination Eff £, RA[
BERRRYIEIR 5337 ;

» AEEZTHXTE;

» choose-literal() BREERIXEE;

> JLERFAERHTRE SAT Solver FIET.



tem DPLL HyfKR

> Preprocessing (FALER): XTHIAAY CNF AXIEFALIE, FH
EFITE.
> Look-ahead: EZHIFAKMERTEHHER-
» JN5& unit propagation FA pure literal elimination;
» BRBRAXEEL choose-literal().
- X “small but hard” Ryja] @ LL BB
» Look-back (Conflict-driven): FI#ZRiTIEHEHHER, £
HE conflict,
» Non-chronological backtracking (backjumping): J@iTAEEEH

5% S ik 52 TC R 2R

» Conflict driven clause learning: J@iT5 BB FAIFEER
TRAMEE.

» H A AK: “two-watched-literals” unit propagation, adaptive
branching.,

- %3 "big but simple” BIiEIEEELRAR



LS

» Sorting+subsumption:

gpl/\(/2\//1)/\cp2A(/2\//3\//1)/\g03
U
©1 A (hV k) Ap2Aps

» 2-simplifying: F]H binary clauses {£ & CNF.
Repeat:

1 #R#E CNF /1 binary clauses #gi& implication graph, CNF
H—" binary clause {—/,/'}, MFE implication graph F¥FE—
%13 1 gy,

2 #H implication graph FRsRIEES & (SCC), 4§ SCC HFR
BXFEMA—IHFHXZF.

3 ﬁré?; AR SCC M FHE S, 23 AHLFHERN
A o

4 RZFj unit propagation 0 pure literal elimination,

Until ;2B HEILE -



“Look-ahead” DPLL

» Lookahead() ER#L: SR MN / J&, A unit propagation {3
FRE, MmN -/,
-k unit propagation B3R K, #HHEZRIZRMA;
- EREREEK, FUELEFHIER, A Lookahead() AN
8122 F unit propagation,
> ZBMHAREHBEEEL choose-literal():
» MOM heuristics: EFERNFAPEEHIMBXE.
- BEEN
» Jeroslow-Wang: i%&3FHRK score {HHYLF

score(l) = Z 2 lel

lechcep

- 1k 1 3P F CNF ¢ &Ry STk
» Satz: \FFEXFER, EFBIT unit propagation BRI/
FRAIKHILF.
- 4T A unit propagation {BZIRYLE R



“Conflict-driven” DPLL

» Non-chronological backtracking (backjumping):

> Idea: H—N43 37 KIMET

1 HHESHEAMBE S WIE (conflict set);

2 [@E#A%] conflict set B most recent branching point.,
» Conflict set:

> EEHMRIBIBMET, EIMXFRERHTERENFAL
A unit propagation, JItbFAIFR AL TFRIREE. 51,
T {-a,-b} T, FA (aV bV ~x) BMEXF ~x HEE.

> HHIFERN, FEANEXE, BFXEHNXFHE
(FA) REA—NFA, LFAMEAFEALEF
J&H conflict set,



“Conflict-driven” DPLL (cont'd)

» Conflict driven clause learning:

> Idea: C 2— conflict set, M| —C ATLNZEIFIEFAEEH.

- RIEEE CHMEARRIL, 7 DPLL Ry R IE i T3
BT AE

> i, HRTEPOWIE {-p, g, 7t s}, FA (xVpV g Z x B
SHRE, FA (~xV -orvit) @ ~x BIZHREE.
N C={-p,q,r,~t} 2T conflict set. FKANTATLUIEF
A (pV-qV-rVt) IANRBFRER.

> Problem: FJEESEIT EIIEAK.
- FAEMFE AR learning, HFEEEER EHZENFA.



BEEREE

- FEMER, MEBTEYTERERANEEESHT
f.

> REEAARMAAHE Y.

» ETEIF GSAT F1 WalkSAT, i BaE R %

» Simulated annealing, &R X%
» Tabu search, XS %

» Genetic algorithms, M{'E%Z,QE
» Hybrid methods, Zx& 7% 4&& DPLL ik RAMKE
®.
» —REZEZTMAZIE.
> X—& (AHEH) B BIEEFR-



GSAT

> GSAT Eik&H:
Repeat MAX-TRIES times or until clauses satisfied

T := random truth assignment
Repeat MAX-FLIPS times or until clauses satisfied

v := variable which flipping maximizes number of SAT clauses
T := T with v's value flipped

» ATLLARN restarts FA greediness.
» FDHE R, SEBIFH “neighbor”,



WalkSAT

» WalkSAT &k

Repeat MAX-TRIES times or until clauses satisfied
T := random truth assignment
Repeat MAX-FLIPS times or until clauses satisfied
¢ := unsat clause chosen at random

v:= var in ¢ chosen either greedily or at random
T := T with v's value flipped

> KiFFRBHENFA.
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An overview

» GRAPS
» Jo3o Marques Silva (& ZFA), 1996.
» & EBHY “conflict-driven” DPLL SAT solver, fx (&
H backjumping FA clause learning.
> zChaff
> Lintao Zhang (RE A, fERAFZERE), 2001-2007.
» “conflict-driven” DPLL SAT solver, E]F{E R TR Z a3 AK:
2-literal watching, restarts, VSIDS {E A B A B, ...
> IMABIIRAY SAT solver, £ “SAT Competition” 2003, 2004,
2005 RIEH.
» MiniSAT
» Niklas Eén, Niklas Sérensson, 2003-2007.
» “conflict-driven” DPLL SAT solver, Z{pL zChaff, [E]RF1E
#n Conflict clause minimization.,
> PMABIRAEY SAT solver, #£ “SAT Competition” 2005, 2007 &
LR
» mach_dlI
» Marijn Heule, Hans van Maaren, 1999.
» “look-ahead” DPLL SAT solver, E]i{E AE MBS HFEA.
» 7& “SAT Competition” 2004, 2005, 2007 FKIPA .



The Timeline

> M 2002 FFFEE, R SAT B8, BE— &,

http://wuw.satcompetition.org/
» BX3BAY SAT solvers: Chaff (2001), MiniSAT (2003), zChaff

18 1988 1994 1996 2002
10 SOCRATES HannibalGRASP  Berkmin
~ievay ~3kvar =~ 3kvar=~tkvar =~10kvar
L i,
1986 1992 1996 2001
ogea 1962 BDDs GSAT Stalmarck Chaff
uine ~ 100 var ~ 300 var= 1000 var ~10K var
~ 10 var =~ 10 var
1996
SATO

~1k var


http://www.satcompetition.org/
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Hardware Verification

> IMAIEIEEAIZITAY IE#EE? Model Checking
1 BEEZITHER A—DERREN M (RS + KEERD
KER);
2 BMEEHEMNMER P A FZEHEAHRE
3 Fl#F M REE PHI—MEEL B, M= P.
» —MREEHENERFUOTER:
» MM “x always holds”, MAMEIRTSH %, EIATRTIER
RS LEBMR x BiL. x —RGELRK .
» JEMEMER: “there will be a point in time when x holds” . {530,
BREEZ.
» Bounded Model Checking (BMC): FIif{%fE “always p" 2&
ERENFET kK BIE1T AN BIL.
» BMC @@, AIRBEBEL A— SAT a8 BREFE—FK
KENFET kK HERE ANERESEI— p SELARE.



BMC as SAT

> RiBIA I(s) RANEHERT, BMKRE s= (a,..., %) BE
BWMES BiBA 7(s¢) RIERT s WEHKER 5.
» BMC [@@E M ATEAREEHE:
k—1 k
I(s0) A N\ 7(sivsi11) A\ —p(si).
i=0 i=0
> MREAXFHR, WFE—FXFRBRE, AR
—~ “always p" BIR .
> MREARXFAHE, WAFEEKENTET L BHXHEAHK
=, BATRTAE N k BLEIIE.



BMC Example

> BE—NZHEINERR, AEEIRA c=0 B c=2. i
BAENER initially ¢ # 3 M always ¢ # 3.

> RS ATHFIBAIRT: si= (. ), HEEE c=2-x{ + X
> MBEIRESEY: I(s0) = (A X)) (e, o #3)

Transition relation: Circuit: 18
Si Si+1
y ] D
X Xy Xy Xp X




BMC Example (cont'd)

» REEBXR 7(s,9):
7(sisi1) = (47 = x0) A (g7 = =4 V X))

> BT p(s): o
p(si) = =(x4 A xp)

> SAT solver AJLUERAIHER k BMC 3R AR EATHE,
FTkd always p &AL
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SMT

» Satisfiability Modulo Theories (SMT): Xt &G #iRF0iB iR E S
RN — A RETH R OHEAE. Hl HEFE
YN B )

(sin(x)® = cos(log(y)-x)VbV—x* > 2.3y)A(—bVy < —34.4Vexp(x) >

» SAT solver 5[ RS, {8 SAT FEMIBHFIZE, BRAE
R MARRRZAR. SMT AR EX a5,

» SMT solver KR EE—1MSMAY SAT solver AETiERH—
A IBFFIARARAKERS . BT APHNEFEES BN GEE
FiAREEA SAT solver SRAME, FEER B EAYFARARE
KiFE R A R FRIER.

» SMT gl @i—#& 2 NP-complete,



QBF

» Quantified Boolean Formula problem (QBF): XJFZ&iF “for
all” #0 “there exists” I M/RFRIER BB A FIZE 1]
&, Gl FHETEAXRETHE

Vx3dydz.(xV yV 2) A (=xV —y V —z).

» QBF [a]& 2 PSPACE-complete, kb SAT [QEiEEZ, i5:%F
AT LLSE AlY QBF sovler,
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INGS

> SAT RIBRM/RFRIERTH B MHRIM, —H%LL CNF AK1E
AEFRERN

» SAT [a)@E NP-complete,

» SAT #FEiZitBahk, Al ETUFAET ZMA.

» KfE SAT @R A& —MEET DPLL MBREX, S
=RV BB REE.

» BAH SAT solver BLIAZRIKE AEE, EEET DPLL &k,
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"B5" 5 "EME" BYiEH

» — PN EIBEEIRHEEATUTEHER FRA "B 1.
{5 (£%ER#E 8] &%, Traveling Sales Person problem, TSP)
REXRREINETIMHEES ENEZBMNEEZS N, A
TRESNE ERARAENEREHE BGIMHEE—XE
REREIRE, B ELEE— Kt ARE A EMENREER
a7
KEVE B R/ AR BliFig Lk -
» — MA@ AZHIAR BT EHER A "F5" 1.
» ZIXATERE O(n*), Heh k 2FE, n 2SN RME.
> XEBEH B5" 2HEMH, EERITE G O(n''0) AR EXE.



TESRMEERERE X

» HARITE? iTHEER.
» ERYER:

£
Y

i

ens Tefele] [T Jelelal [ [ ][]

| —-— -

HR AN

> ERNREZITENRITEEIRIRR, BRnftR /it 5
BB MERYEE.




ME NS IERE EE R

» TREMEE R (Deterministic Turing Machine): BRHVIAT
BRAHEREN SMEEERENEBAR.

§:QxT—Q@x Tx{L R}

» JEFHEB R (Nondeterministic Turing Machine): ER#14R
SEBAYAIHEN AESHEBANRITER.

§:Qx T—P(Qx Tx{LR})

> FFIEM B
> DRIERTER



P 2&%0 NP 3¢ a] &

> P 2EE)R:
> FEFREMEER LS T AR R .
> NP 2o 3
» fEIEFE B R YL 210 A 8] BT AR A (6] &
» EFE B R _EZ TR B RIS IEAY B R .
» PC NP
» P NP: REEITENRFESKIAA NP EEETARE
F P R9iERR, B) P # NP,
» BN EE, P XRBEEREITEERTH SR,
m NP E B IEmE It EEE T SIIE R B3,



NP-hard #0 NP-complete [a)&&

> @@ Q & NP-hard [6]3&, J0R:
> 84 NP R EEAT £ S TR [E V329 A48 - Q.
» A& Q 2 NP-complete [a] &, N5R:
» ER NP @&, G EIE:Z NP-hard @&,
» NP-complete [a)ZiHY TR :
> FiE NP-complete [a]@, 03t F SR EIFAX R, 28
R, MERINERR, BB — &N .

> WNREEIKEI— NP-complete ] FERIZ A E %,
mj P = NP,
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